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Chapters I through V were published in Mathematics 7th Year, 
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FOREWORD 



At a time when our society is increasingly dependent 
upon mathematically literate citizens and upon trained 
mathematical manpower, it is essential that vital and con- 
temporary mathematics be taught in our schools. 

The mathematics program set forth in this publication 
has developed as a result of experimentation and evaluation 
in classroom situations* This is Part II of Mathematics 
Seventh Year * Part I, a separate bulletin, was published 
during the school year 1966-1967. 

This bulletin represents a cooperative effort of the 
Office of Junior High Schools, the Bureau of Mathematics, 
and the Bureau of Curriculum Development. 

We wish to thank the staff members who have so generous- 
ly contributed to this work. 



HELENE M. LLOYD 
Acting Deputy Superintendent 
Office of Curriculum 
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INTRODUCTION 



The materials in this bulletin consist of a series of daily 
lesson plans for use by teachers in presenting a modern program of 
seventh year mathematics. In these lesson plans are developed the 
concepts, skills, and applications of Mathematics Seventh Year , 

There is an emphasis on: 

an understanding of mathematical structure 
growth of a number system 
relations and operations in a number system 
a development of mathematical skills based on an 
understanding of mathematical principles 
concept of set in number and in geometry 

This bulletin is the culmination of several years of experi- 
mentation involving the cooperative efforts of the Division of Cur- 
riculum Development and the Junior High School Division, The 
mathematics presented in this bulletin is based upon concepts and 
skills which were developed in previous grades. The eighth and ninth 
year mathematics courses will extend the basic ideas of Mathematics 
Seventh Year , 

The materials in this program have been tried out over a period 
of years in schools in all five boroughs of the city. The materials 
in the lesson plans reflect the classroom tryout and continued evalua- 
tion by teachers and supervisors. They have been revised a number of 
times in the light of these evaluations. 



ORGANIZATION OF THIS BULLETIN 

The content of this bulletin is arranged in the sequence in 
which it is to be used. It is expected that a lesson will be pre- 
sented before the next numbered lesson and that each chapter will be 
presented before any work in the ensuing chapter is begun. Although 
this may seem to be a departure from the cyclical arrangement of 
materials found in earlier curriculum bulletins on seventh year 
mathematics, a cyclical approach is in fact an integral part of each 
chapter. For example, understanding of the concept of a number system 
is developed on progressively higher levels as pupils advance from an 
understanding of whole numbers to rational numbers to signed numbers. 

Various topics for enrichment have been included. Labeled 
optional , they have been placed with the topics of which they are a 
logical outgrowth. 



SUGGESTED PROCEDURE FOR USING THIS BULLETIN 



It is suggested that the following procedure be considered in 
using this publication: 

Read the entire bulletin before making plans to teach any 
part of it. Read each chapter in turn to become acquainted 
with the content and spirit of Mathematics Seventh Year 
and with the relationships among the topics in the course. 

Study t*ie introductory discussion in each chapter you plan 
to present. Note the relationship of each lesson to bhe 
one preceding it and the one following it. Each lesson is 
organized in terms of: 

1. Topic 4* Procedure 

2. Aim 5* Practice 

3. Specific Objectives 6. Summary Questions 

Amplify the practice material suggested for each lesson with 
additional material from suitable textbooks. 

Practice in computation and in the solution of verbal problems 
should not be confined to the sections in which this work ap- 
pears in the bulletin, but should be interspersed among other 
topics in order to sustain interest and provide for continuous 
development and reinforcement of computational skills and of 
problem-solving skills. 



EVALUATION 

An evaluation program includes not only the checking of completed 
work at convenient intervals, but also continued appraisal. It is a 
general principle of evaluation that results are checked against objectives. 
The objectives of this course include concepts, principles and understand- 
ings, as well as skills. 

Written tests are the most frequently used instrument for evalua- 
tion and remain the chief rating tool of the teacher. Test items should 
be designed to test not only recall of factual items, but also the 
ability of the pupil to make intelligent application of mathematical 
principles. Some of the writing activities which teachers may use for 
the purpose of evaluation include: 

written tests 

written homework assignments 
keeping of notebooks 
special reports 
quizzes 



To evaluate pupil understanding continually, there are a number 
of oral activities which teachers may use such as: 

pupil explanations of approaches used in new situations 

pupil justification of statements 

pupil restatement of problems 

pupil explanation of interrelationship of ideas 

pupil discovery of patterns 

oral quizzes 

pupil reports 

Evaluation procedures also include teacher observation of pupil* s 
work at chalkboard and of pupil* s work at seat* 

S elf-evaluation by pupils can be encouraged through short self- 
marking quizzes* 



DEVELOPMENT OF THE MATHEMATICS GRADE 7 PROGRAM 

During the school year 1963-1964# a revised Seventh Year Mathematics 
scope and sequence was developed by staff members from the Division of 
Curriculum Development and the Junior High School Division* This scope 
and sequence was the basic document for writing teams which consisted 
of junior high school mathematics coordinators. 

Preliminary materials were prepared by these teams and were re- 
viewed by the Junior High School Mathematics Curriculum Committee* Re- 
visions were made on the basis of the Committee* s suggestions. In 
September 1964# the first draf b of the materials was ready and was made 
available to teachers who were to take part in their experimental use. 

These preliminary materials were tried out on an experimental 
basis for the first time in selected junior high schools during the 
school year 1964-65. A program of evaluation of these materials was 
set up which included chapter by chapter evaluation reports from class- 
room teachers, junior high school coordinators, and supervisors of 
mathematics in pilot schools. The materials were then revised according- 
ly. 



The school year 1965-1966 saw the second year of experimental use 
of the materials with additional schools participating. Similar evalua- 
tion procedures were followed. 

Final work on Part I of this bulletin, preparing it for publica- 
tion, was completed in July, 1966. The final revision of Part II was 
completed in July, 1967. 
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CHAPTER VI 



This chapter presents procedures for reinforcing and extending 
the pupil 1 s understanding of and skill in the basic operations of addi- 
tion and subtraction of rational numbers* Among the important concepts 
and s kill s included in this section are the following: 

computing the sum of rational numbers expressed by 
fractions with the same denominator 5 with different 
denominators 

computing the sum of rational numbers expressed in 
mixed fractional form 

properties of addition of rational numbers 

using the distributive property of multiplication 
over addition in the set of rational numbers 

computing the difference of rational numbers 

basic concepts of ratio 

The procedure presented for reinforcing pupil understanding of 
addition and subtraction of rational numbers is a visual one* The use 
of a number line is suggested to illustrate both adding and subtracting 
with like fractions* The number line is also used to show the difficulty 
of adding two rational numbers expressed as fractions with different de- 
nominators* Pupils are guided to realize that to compute the sum, or 
difference, of two rational numbers expressed with different denominators, 
we must first express them with a common denominator. Although we may use 
any common denominator, it is convenient to use the least such number that 
will serve* The least common denominator is the least common multiple of 
the aenominators » Background for this understanding was presented in les- 
sons 49-50* 

In earlier work, pupils have understood and used the closure, commuta- 
tive, and associative properties of addition with whole numbers. They now 
discover that these properties hold for addition with rational numbers. They 
find that the distributive property of multiplication over addition also is 
true for rational numbers. This distributive property is useful in computing 
a product when one factor is a whole number and the second factor is a ra- 
tional number expressed in mixed fractional form* For e x a mp le, we could com- 
pute the product 4x2j as follows: 

4x2j = 4x(2+i) 

- (4x2) + (4 x£) 

= 8 + 2 
= 10 
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Among the basic ideas developed in connection with ratio are the 
following: 

1* A ratio is a correspondence between the numbers of two sets 
of objects# 

2# A ratio is an ordered pair of numbers# 

3# A ratio is expressed in simplest fom when its terms are 

whole numbers and are relatively prime (have no common factor 
other than l). 

4# A rate is a special kind of ratio in that it usually involves 
a comparison between two measurements having different units 
of measure, as, for example, 40 miles per hour # 

The study of ratio is of importance to the pupil since in mathematics 
and in his daily life he encounters and utilizes ratio# In introducing 
ba-i?. cww-jp'us of ratio, sets are used visually to develop the understand- 
ing that a ratio is a relationship or correspondence between two numbers in 
a definite order# This same correspondence can be expressed in an unlimited 
number of ways. The pupil* s previous experience with the idea of greatest 
common factor is utilized in finding the simplest name for a ratio# 
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CHAPTER VI 



RATIONAL NUMBERS (Addition and Subtraction) 

Lessons 61-72 



Lessons 61 and 62 



Topic: Addition of Rational Numbers 

Aim: To learn to compute the sum of rational numbers named by fractions 
Specific Objectives: 

Computing sums involving fractions with the same denominator 
Computing sums involving fractions with different denominators 

Challenge: In Mr. Martin* s family budget ^ of the income is used for 

rent and 1 is used for food. 

4 

What part of his income is used for rent and food? 

I. Procedure 

A. Computing sums involving fractions with the same denominator 
1* Consider ^ ^ = CL 

a. What is true of both addends? (same denominator) 

b. Let us picture the sum ^ ^ on the number line* 



« f • » » » »"■' » "f > 

55 555 5555 

1) Since 2 . has the numerator 2, we move two spaces from 0 
thereby locating point A, which corresponds to the 
rational number 2. since 4 has the numerator 4, we 
move four more spaces locating point B. Point B, which 
represents the sum 2 + 4, corresponds to the rational 
number 

2) Thus, j ^ = 



1 



o 

ERIC 



c. Have pupils recall that | = 2 x I and | = 4 X 

1) | + | = (2 X i) + (4 X i) 

2) If we wish the distributive property to hold, 

(2 x i) + (4 x i) = (2+4) X ^ 

= 6 x i 

„ 6 
5 

2, After several similar examples, have pupils conclude that 
when we add with fractions which have the same denominator, 
the numerator of the sum is the sum of the numerators and 
the denominator of the sum is the common denominator# 



3* Compute the following sums, 
a. i + i 

3 3 



2 + 2 

7 7 



b, - + 



c. 2 + 12 
4 4 

2 *4* J* 
a * 10 10 



4. Extend the procedure for adding with fractions which have 
the same denominator to ohree (or more) addends. 

l+l+$ = l+l+5 «7 
8 8 3 8 8 

B. Confuting sums involving fractions with different denominators 

1 2 

1. Consider ~ + ^ =* n 

a. What i 3 true of the denominators of the addends? (different 
denominators) 

b. Have pupils realize the difficulty of representing thi 3 sum 
on the number line. 

We use a number line with each unit segment partitioned into 
two segments of equal length (halves). 



A 

-t- 



o. 

3 



1 

2 



B 



3_ 

3 



3 

H 



i 

s' 



s. 

*3 



•• 21 6 «* 



] 



1) The point A corresponds to the rational number i. 

From point A we must move a distance equal to £ of 

a unit to the right. This will locate point B which 
corresponds to § + f . However, we cannot read the 
rational number which corresponds to point B. 

2) Elicit that we would have a similar problem if we were 
to use a number line with each unit segment partitioned 

into 3 segments of equal length (thirds). 

3) Why is it difficult to represent the sum i ^ 

on the number line pictured on page 214? (halves and 
thirds are different units) 

c. Guide pupils to realize the need for a common unit in order 

to be able to represent the sum | | on a number line. 

d. Elicit that a common unit may be found by first partition- 
ing each unit segment into two segments of equal length, 
and then partitioning each of these segments into three 
segments of equal length. 



A 



B 






0 

2T 


i 

a 


a 

3“ 


3 

a 


o l 


9 


a 


4 6 


a* 3* 


T 


ST 


T 3* 


£. i £ 


3L Sl 


£ 7 


a 2 io 


6 6 *6 


IT gT 


e "e eT 


6 6 6 


Into how many line segments of equal length is each 
unit segment divided? (six) 


Elicit that 
sixths. 


the unit 


segment is now 


divided into 
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2) Point A corresponds to which is another name for 

Since % may be renamed as we then move 4 units to 
the right of A, locating point B. Point B which repre- 
sents the sum ^ corresponds to the rational number 

3) Thus, | + | = | + \ = l 

2. Refer to challenge problem. Elicit that to solve the problem, 
we must compute the following sum. 



lrl 

5 + 4 



□ 



a. What must be true of the addends in order to compute the 

sum 7 + 7? (they must have the same denominator) 

5 4 

b. How can we rename two rational numbers such as and ^ 
so that they are expressed by fractions with a common de- 
nominator? 

1) Consider the set of names for 

fi, iii, it, «L . *1 

l 5 S' 15^ 2d 3 ? 30 

The set of denominators of these names, 

f5, 10, 15, 20, 25, 30, ...1 

is the set of (non-zero) multiples of 5# 

2) Consider the set names for 

(1 2 3 4 5 6 •» 

V 8* 32* K* 20* 2h* ###l 

The set of denominators of these names, 
t4, 8, 12, 16, 

IS the set of (non-zero) multiples of 4. 



o 
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3) Elicit that the set of common denominators of iandi 
{20, 40, 60, ..*} is the set of common multiples or 
4 and 5. 



4) What is the least conmon multiple of 5 and 4? (20) 

What is the least common denominator of i and i? (20) 

4 5 

5) Express ~ and i as fractions with the common denominator 

5 4 

20 . 



iL S3 i v 4 a* it 

5 5 4 20 



4 =s i x £ *c iL 

4 4 5 20 



6) Thus, ~ + 



1 

5 



1 = 4+ i - 1 
4 20 20 20 



c, The part of Mr. Martin* s income used for food and rent is ,2, 

3. After several similar illustrations, have pupils conclude that 
when we add with fractions which have different denominators, 
we must first express them with a common denominator. 



The least common denominator is the least common multiple of 
the denominators. 



4. Pupils should realize that although it is possible to use any 
common denominator, it is more convenient to use the least such 
number that will serve. 

5. Extend the procedure for adding with fractions which have dif- 
ferent denominators to three (or more) addends. 

i + 3. ss r“] 

6 8 4 

a. The denominators are 6, 8, and 4* 

6 = 2X3, 

8 = 2 x 2 X 2 or 2 s 

4 = 2x2, 



Therefore, the least common multiple of the denominators 
is 2? x 3 or 24. 



What is the least common denominator? 



Practice 



A, For each pair of numbers, find the least common multiple. 

1 . 3,5 2 , 8,12 3 . 6,16 4 . 9,15 5 . 12,18 

B. Use the answers to A to obtain the least common denominators. 
Compute the sums. Express the suras in simplest form. 



1 , *+• 

3 5 



□ 



fs M mJmm * 4 “ 

16 



□ 



2 . | + | = □ 

5 3 

3. ! + ]!=□ 

*• f + ii =D 



7 * + 



8 . 



2 + § = o 
15 9 



2L + 5 

12 8 



o 



5 . 



4 + 4 



9 15 



□ 



io - — + ~ - □ 
18 12 



C. Compute the sums. 

*| 2 4« M 

• L# 10 10 

2. § + f 

3 . ^ + | 

9 6 



Name the sums in simplest fom# 



. Ixlxl 
A + 3 + 2 

5 - | + £ + | 



6 . 



2 + JL 
4 10 




D 



. The Jones family spent ~of its income for food, 
for rent, and ^ of its income for clothing. 



1 



7 



of its income 



What part of its income did the Jones family spent for food, rent 
and clothing? 
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E. On a mathematics test, i of the class had excellent scores, i 
of the class had very good scores, and 1 of the class had ^ 
fairly good scores. The others failed. 42 

What part of the class passed the test? 

III. Summary 

A. How do we compute the sum of rational numbers expressed as 
fractions with the same denominator? 

B. How do we compute the sum of rational numbers expressed as 
fractions with different denominators? 

C. How do we find a common denominator when adding with fractions 
which have different denominators? 

D. Why is it an advantage to use the least common denominator 
when adding with fractions which have different denominators? 



Lessons 63 and 64 



Topic: Addition of Rational Numbers 

Aim: To add rational numbers stressed in mixed fractional form 
Specific Objectives: 

Computing the sum of rational number s expressed in mixed fractional 
form 

Properties of addition of rational numbers: closure, commutativity, 
associativity 

Challenge: The girls in Helen* s club hiked 2l miles to Clear Lake, 

2 



1, Procedure 

A. Computing the sum of rational numbers expressed in mixed fractional 
form 

1, Review changing mixed numerals to fractional form. 



2. Refer to challenge problem. 

Elicit that to solve the problem, we must compute the following 
sum. 



a. We must first express the rational numbers in fractional form. 



The trip back, by a shorter route, was 12 miles. 



How many miles did the girls hike on the round trip? 



2k “”2*t*iasit4*"" 5S= ^ 
2 2 . 2 2 2 



M x <3 4» M s 4 
2 2 2 2 








The lerst common denominator is 

4. 



« (i K 1) + 1 
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b, The girls hiked a total of 4^ miles. 



3, Have pupils practice computing sums of rational numbers ex- 
pressed in mixed fractional form, first changing the mixed 
numerals to fractional form. 



% + l 


-• af 2 + 5 | 




3I + 2- 


e. 2 + ll + 


5i 


7 3 


4 2 


8 


+ 10 | 







B, Properties of addition of rational numbers 



1, Closure 

a. Is the sum of two rational numbers always a rational 
number? (is the set of rational numbers closed under 
addition?) 



l) Have pupils compute the sums of the following rational 
numbers to see whether these sums are rational numbers. 



1 

2 



+ 



1 

3 




3 

4 





Is each of the sums a rational number? Why? 



2) Test other cases by having the pupils suggest which 
rational numbers to add. Have them try to find a 
count e r-e xampl e , 



b. Why can we assume that the sum. of two rational numbers is 
a rational number? 



c, (Optional) Have pupils see that the rule for computing 

the siim of rational numbers expressed as fractions with the 
same denominator insures that the sum is a rational number. 



1) The sum of the two numerators must be a whole number, 
(Why?) 

2) The common denominator is a counting number, (Why?) 

3) The sum is a rational number, (Why?) 

4) Why is the sum of two rational numbers expressed as 
fractions with different denominators a rational number? 
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Commutativity 



2 . 



a. Is addition of rational numbers commutative? For example. 



i) 



2 

3 



! + 2 = 2 + 2? 




! 4 4 3 




+ 2 = £ + ± 


■ 12 


4 12 12 


12 


+ 2 = ± + £ 


_ 17 


3 12 12 


12 



2 ) l 

3) Therefore, § + jr “ \ + § 

b, After several such illustrations have pupils conclude that 
addition of rational numbers is commutative. 



c. (Optional) Try to establish the generalization from com- 
mutativity of addition of whole numbers, 

12 



Thus 2 + 2-£ + £-£±i.2i8-A + 

inaa * 3 4 12 12 



2 + 2 

4 3 



12 12 12 

3, Associativity 

- a. Is addition of rational numbers associative? For example* 
does (i + 1) + S = I + (I + |)? 



4' ’ 3 2 '4 3' 

1) (5 + 7) + 1 = + 4) + 



‘24 + 24' 



16 

24 



= 18 + 16 = 34 or 12 

24 24 24 12 

2) l+(i + |)=l|+(i ; + ^) 

= 12 + 22 = 24 or 12 

24 24 24 12 

3) Therefore, (1 + 1) + | = i + (i + |). 

b. After several such illustrations, have pupils conclude that 
addition of rational numbers is associative. 

c. (Optional) Try to establish the generalization from associativity 
of addition of whole numbers. 
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4. Have pupils see that the use of the commutative and 
associative properties of addition of rational numbers 
makes it possible for us to compute the sum of two 
numbers named by mixed numerals in another way* 

a* Refer to the computation involved in the challenge 
problem* 

2 I + l2 = D 
2 b 

We may perform this computation as follows: 

4 + ig - <2 + 1) + u + £) 

= (2 + 1) + (1 + |) Why? 




= 3 + (1 + j) 

= (3+l) + 2j = 4 + jrOr4jj 



b. Elicit that in this method we add two whole numbers and 
two rational numbers less than 1. 



5. 



Consider 







Which of the two methods is used in the vertical form above? 



6* Compute the following sums using the vertical form* 



a. 



3- + 6l 

4 B 



c* 



l2 + 72 

4 3 



2 1 

b* 9- + 2± 

3 6 



d. 3 §+ic2 
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II. Practice 



A, Replace the frames, 

4 + 7 l - (2 + + (n+ i> 

= (A + 7) + (7 + I) 

4 o 

= 9 + (1 + 0 ) 

= 10 T2 

B, Compute each sum by the two methods you have learned. Which 
method do you think is easier? 



a, li + 42 
5 5 



b. 15^ + 36| 



C. Compute the sums, 

1 . 4 + 5 % 



2. 14S + 6-2- 

5 10 

3. 5 2. + 4S 

12 9 

4* 6j= 



5. 36| 

“I 

+ 6sL 
— Jl 

6. 5^ 

j? 

+3§ 



7. 3*^- 
16 



+1 



12 

16 



2 15 

8. 3- + 5r + I7 

3 4 6 



D. Juanita used two strips of ribbon to make hair bows. The lengths 

3 5 

of the strips were inches and 11- inches. How many inches of 

4 8 

ribbon did Juanita use in all? 



E, Sam helped out in his father* s store after school. He worked 1 

hours on Monday, 2^ hours on Tuesday, l3 hours on Wednesday and 2 

2 4 

hours on Thursday. How many hours did he work during the four days? 
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F. Use the commutative or associative property to replace each 
frame so that a true statement results* 



i* l + D = i + i 

2 . 3^ + 5 = 5 + □ 

3. (6+D)+2^ = 6+ (^ + 2ij) 



4. | + (| + 3) = (| + |) + □ 

5. 23j + CI = n+2jL 



G* Decide whether it is easier to compute the sum as given at the 
left of the equals sign, or as given at the right* Then find 
the sum. Name the sum in simplest form. 



III. Summary 

A. Describe two methods of computing the sum of rational numbers 
expressed in mixed fractional form. 

B. Name some properties of addition of whole numbers which hold 
for addition of rational numbers. 

C. Give an illustration of how the use of the associative property 
of addition would help you simplify addition of rational numbers. 





2 . ( 





Lesson 65 (Optional) 



Topic: Rational Numbers 

Aim: To demonstrate an operation •which is commutative but not associative 

Specific Objectives: 

To review' the commutative and the associative properties of addition; 
of multiplication 

A commutative operation need not be associative 
Challenge: Is there an operation which is commutative but not associative? 

I, Procedure 

A, Review the commutative and the associative properties of addition; 

of multiplication 

1, How many numbers can we add or multiply at one time? (two) 
Review that any operation involving two numbers is called a 
binary operation, 

2, What property enables us to interchange the two numbers with- 
out changing the sum or product? (commutative) 

3, Illustrate the commutative propel ty of addition and the 
commutative property of multiplication. For example, 

3 + 2 = 2 + 3 
3 X 2 - 2 x 3 

4, What property do we use to change the way we group three or 
more addends or factors? (associative) 

5, Illustrate the associative property of addition and the 
associative property of multiplication. For example, 

(2 + 3) + 5 - 2 + (3 + 5) 

(2 x 3) x 5 = 2 x (3 x 5) 

B, A commutative operation need not be associative 

1, Is there an operation which is commutative but not associative? 

After discussing the four fundamental operations of addition, 
subtraction, multiplication, division, and any others suggested 
by the pupils, suggest the mathematical operation of taking the 
average of two numbers. 
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2. Review the meaning of the average of two numbers. 

a. What is the average of 4 and 6 ? (A£& = 5 ) 

2 

b. Let us call # (star) the operation of "taking the average 
of two numbers," 

c. What is b * 6 ? (— or 5) 

2 

d. Is •* a commutative operation? (Yes) 



3# Is * an associative operation? 

Let *s test 4*6*8. Does 4 * ( 6 * 8 ) = (4 * 6 ) * 8 ? 



Note: 4*6*8 does not mean 



4 + 6+8 



a. 4 * (6 * 8 ) = 4 * (— ) 

2 



b. (4 * 6 ) * 8 



4*7 

4JLZ 

2 

5 - 

2 

/ 4+6 s 
v 2 ' 






8 



= 5*8 

= 1 + e 
2 




c. 4 * (6 * 8 ) ^ (4 * 6 ) * 8 

4# Have pupils conclude that * is not an associative operation 
but it is a commutative operation, 

5. What operation does * represent? 
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II, Practice 

1 2 

A, Find the average of 3^ and 4^. 

2 3 

B, Find the average of 4* and 67, 

3 4 

C, Test 3" * 4- * 62 for associativity, 

2 3 4 

III, Summary 

A, What is the commutative law of addition? of multiplication? 

B, With how many numbers are we operating when we add? when we 
multiply? 

C, What principle enables us to add or to multiply three or 
more numbers? 

D, What is the associative property of addition? of multiplication? 

E, What operation did we discuss today which is commutative but not 
associative? Illustrate, 
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Lesson 66 



Topic: Rational Numbers 

Aim: To use the distributive property of multiplication over addition 
in the set of rational numbers 

Specific Objectives: 

To review the distributive property of multiplication over addition 
for the set of whole numbers 

To use this distributive property in the set of rational numbers 

Motivation: We have seen how the distributive property of multiplication 
over addition often helps us simplify computation with whole 
numbers# 

Can this property help us to simplify computation with 
rational numbers? 



I# Procedure 

A# Reviewing distributive property of multiplication over addition 
for whole numbers 

1. Which property of whole numbers is illustrated by the following? 

3 x 35 = (3 x 30) + (3 x 5) 

- 90 +15 

* 105 

2. Replace the frame in each of the following with a numeral which 
will produce a true statement illustrating the distributive 
property of multiplication over addition# 

a. 7 x (4 +□) - (7 x 4) + (7 x 5) 

b. (A x 9) + (Cl x 9) « (4 + 6) x 9 

B# Using the distributive property with rational numbers 
1# Compute the following products. 

a. 2* (8+|) *Q b. (2 v 8) + (2 X |) = Q 
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2x(8 + |) = 2x8^ 



(2 x 8) + (2 x |) = 16 + 



= 17- 

2 



= 2x22 

4 

, 2,2SJg 

4 

-2 y 2S 

2 2 

= 172 

2. Elicit that therefore 2x(8 + |)=(2x8) + (2x|). 

This is an illustration of the Distributive Property of 
Multiplication over Addition for Rational Numbers « 

3 # How can we use the distributive property to simplify 
computation? 

a* Consider 5 X 2g = □ 



Horizontal Form 
5 X 2| = (5 X 2) + (5 x i) 



= 10 + 



io I 



Vertical Form 



8 

x 5 

8 (5 x |) 

10 (5 X 2) 

1 1 nr 

io £ 

8 



b. Do we obtain the same product as in a if we compute in 
this way? 

5 x 2| = 5 x 32 

= 5 * 17 
8 



8 

« io5 
8 



Which method do you prefer? 
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ERIC 






c. Consider (| x 45) + (t x 55) = □ 

1) (| x 45) + (| x 55) = | x (45 + 55) 

= 2 y ioo 

4 

- 75 

2) In which step did we use the distributive property? 

3) Did the use of the distributive property simplify our 
work? Explain, 

4, Have pupils practice using the distributive property in 
computing the following products, 

a. 2 x 3^ b. 7 x 82 c. 4 x 3| d. 3 x $■ 

5. Consider 6? x 4s. 

4 3 

Note to teacher; Whereas the following computation illustrates 
the use of the distributive property of multiplication over 
addition in the set of rational numbers, it is generally 
advisable in examples of this type to compute the product by 
expressing the rational numbers in fractional form before 
applying the rule for multiplication . 

o i 07 *j 1 o 

Thus, 6- X 4- should be expressed as -1 X — , and so on, 

4 3 4 3 

Using the distributive property, however, 

6^ x “ (6 + 2) x (4 + 

- [(6 + 2) X 4 ] + [(6 + 2) X i ] 

4 4 3 

= (6 x 4) + (2 x 4) + (6 x i ) + (2 x |) 

4 3 4 3 

-24 + 3 + 2 + t 

= 297 

4 

Practice 

A, Using the distributive property, write another name for each of 

-233- 



the fol loving: 



1. 8 x 15|= (Dx A) + (dxQ) 

2. O x A = (21 x 7) + (21 x -) 

3 



B# Use the distributive property to compute the products. 



1, 4x2- 

2, 8x2? 

4 



4. 7 x 5| 



5# 11 x 3| 



3. 12 x 7: 



6, 3~ x 15 
3 



C, Use the distributive property to simplify computation in each 
case. 



1. (| x 27) + (| x 3) 



3. (87 *i) + (13 x i) 
10 10 



(1 x 27) + (1 X 3) = i x (27 + 3) , . 

2 2 4. (38 x f) + (22 x |) 

1 6 6 

* “ x 30 

5. O03 x 1 .) + (97 x i.) 



15 



2. (2 x 18) + (2x2) 
4 4 



10 



10 ' 



D, Solve each of the following in two ways. 

Example 4- v ? 2 
2 3 

Method 1 , Usinp the distributive property 

x 2 S = (4 + i) y (2 + |) 

= r(4 + i) v 2 ] + [(4 + 1) x |] 

= ( 4 X 2) 4* (1 X 2) + (4 x S) + (~ y 2) 

^ 3 2 3 

=8+l+§+i 
3 3 

-•9 + 2 
3 

= 12 
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Method 2. Expressing rational numbers in fractional form 



A 

'1 



I 



« - 



4- x 2- 
2 3 



= 2 x ^ 

2 3 

_ 9x8 
2x3 

= 3 x 3 x 2 x 4 
2x3 



2x3 

2x3 



x 3 x 4 



= 12 



Which method did you find easier to use? 

i. «f*4 



2. 3s v l£ 
J 2 



E, Ira*s mother asked him to cut 5 pieces of board to be used as 

O 

book shelves* Each piece is to be 2^ feet long# He has a piece 

4 

of board 15 feet long® Is this piece of board long enough for 
him to use in making the shelves? 

F. Mary bought li yards of blue ribbon at 35 t a yard and 2^ yards of 

pink ribbon at the same price# What was the cost of all the 
ribbon she bought? 



III. Summary 

A# Name some properties of operations with whole numbers which 
hold for these operations with rational numbers. 

B. Give an illustration of how the use of the distributive property 
of multiplication over addition would help you to simplify 
computations with rational numbers. 

C. In adding rational numbers, how does the distributive property 
help to explain why we add numerators when we have the same 
denominator? 
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Lesson 67 



Topic: Subtraction of Rational Numbers 

Aim: To compute the difference of rational numbers named by fractions 
Specific Objectives: 

Computing the difference of rational numbers expressed with the 
same denominator 

Computing the difference of rational numbers expressed with 
different denominators 

Challenge: Dolores is planning to visit her cousin who lives in 
another city* 

By train, the trip can be made in 2^ hours* 

By bus, the same trip takes 4^ hours* 

How much time would she save by taking the train? 

1* Procedure 

A* Computing the difference of rational numbers expressed with the 
same denominator 

1. Consider ^ ^ — □ 

a. Let us first picture the difference ^ - jt on the number line* 
We use a number line with each unit segment partitioned into 
5 segments of equal length* 




■> 



l) On the number line, we locate point A which corresponds 
to the rational number 

From A, we move back (to the left) four spaces ( 4 ) to 
locate point B* ? 



Point B, which represents the difference 
ponds to the rational number 
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corres- 



2) Thus, | | 



b. Elicit that | = 6 xl and 4 = 4 x 
1) | - if “ (6 x |) - (4 x 1) 



2) Using the distributive property, we have 



(6 x I) - (4 x i) = (6 - 4) x i = 2 x i or | 
5 5 5 5 5 



2. After several similar examples, have pupils conclude that 
if two rational numbers are expressed with the same de- 
nominator, the numerator of the difference is the differ- 
ence of the numerators, and the denominator of the differ- 
ence is the common denominator, 

3# Compute the following differences. 



B, Computing the difference of rational numbers expressed with differ- 
ent denominators 



a. Have pupils recall hovr they compute suras of rational numbers 
expressed with different denominators. The numbers are re- 
named so that the denominators are the same, 

b. Elicit that we can use a similar procedure for computing 
differences. 









2, Compute the following differences. 




* 3 - 2 
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3. Consider 2|.- 1^ = □ 

a. Egress 2l and ll in fractional form, 2| - lg = ^ - ^ 

b. Since the denominator 9 " 3 x 3 or 3 2 > and the denomina- 
tor 6 = 3 X 2, the least common multiple of the denomina- 
tors (the least common denominator) is 3 s x 2 or 18. 

Then, ^ = ^ * f) “ (£ x ^ 

= fg 

= i orl & 

c. Thus, 2i - ll = l2 g 

4, Refer to the challenge problem. . 

Elicit that to solve this problem, we must compute the follow- 
ing difference. 



21 

15 



4-3 


« □ 


a -4-3 


. 9 _ 11 

4 T 




= (| X |) - 

= J f "T 




II 

o 

•p-Im 



The least common denominator is 4« 



11 



b. Dolores would save 1^ hours if she takes the train. 

5. Have pupils also understand the following method of computing 
the difference 4^ - 2^, by regrouping. 

a. 4~ — & 

2 4 

- 3 -± 

b. Since we cannot subtract ^ from we will rename 4j* 

We think of 1 as | and we regroup as 3j* 
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er!c 



i 



Then 4- 
2 

- 2 - 



A 

2 - 

_4 



II. Practice 



Compute the differences. 




, 6 4 

1# IT " IT 


6. 15-6^ 


o lit Z 

- 25 25 


7. 12| - 6l 


3. 2 - - 
3 6 


8. 15i-9jL 


, 1 2 

4 ‘ 4 3 


9. 20-5- - 62 
12 8 


5 * 


10. 126 ^ = 59- 



B. Compute the following: 

l. 2 X (2-1) 

3 6 6 



2. (- 2 xf)-(Sxi) 

3 6 3 6 



Do you think that multiplication is distributive over subtraction? 

C. Sally had a piece of ribbon 3^ yards long. She cut lik yards from 
the piece to trim a dress. How many yards of ribbon were left? 

D. The boys in Henry* s club are to hike to Forest Lake, a distance 

of 7^ miles. They plan to stop for lunch at a picnic area 3^ miles 
from their starting point. How many miles will be left to hike? 

E. Ira had a piece of board 10^ feet long.. He cut two pieces from the 
board each 4^ feet long for book shelves. How many feet of board 
were left? 

F . Lillian bought a pound of butter. She used ^ of the pound of butter 
for a cookie recipe, and ^ of the pound of butter to make a pudding 
What part of the pound of butter did she have left? 



- 239 - 



ERIC 



G. Mrs. Rivera had 4 yards of silk material. She used Z 
of a yard for a blouse and then used 1 of the remaining 
material for a skirt. 



How much material was used for the skirt? 

H. Which number, 4^ or 3Q^> is farther from 17?. on the number line? 

3 2 5 



III. Summary 

A. How do we compute the difference of rational numbers expressed 
with the same denominator ? 

B. How do we compute the difference of rational numbers expressed 
with different denominators? 

C. Is subtraction of rational numbers commutative? Explain. 

D. Is subtraction of rational numbers associative? Explain. 
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Lesson 68 



Topic: Introduction to Ratio 

Aim: To learn some basic concepts of ratio 

Specific Objectives: 

A ratio as a correspondence between the numbers of two sets of 
objects 

How to express a ratio; symbols for ratio; terms of a ratio 
A ratio as an ordered pair of numbers 

Challenge: In what way are these statements alike? 

a, I bought two pieces of candy for four .pennies, 

b, I made two model planes in four days 

c, I baked two small pies for four guests. 



I, Procedure 



A, Meaning of ratio 



1. Elicit that two sets are described in each statement in 
the challenge. In the first statement, one of the sets 
is a set of pieces of candy. The other set is a set of pennies. 

What are the two sets in statement b? in statement c? 



2, In statement a, two candies are matched with four pennies. 
What sets are matched in statement b? in statement c? 



3. 




OO 



M 






In each statement, how many members are there in the first 
set? in the second set? 

Elicit that in all of the statements, two things are matched 
with four things. 



4« Tell pupils that such a relation or correspondence between 
the numbers of two sets of objects is called a ratio . We say 
the ratio of the number of pieces of candy to the number of 
pennies is 2 to 4. 



